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Abstract, g-deformed oscillators and the g-Bose gas model enable effective description of 
the observed non-Bose type behavior of the intercept (“strength”) = C^‘^\K,K) — 1 
of two-particle correlation function {pi,p 2 ) of identical pions produced in heavy-ion 
collisions. Three- and n-particle correlation functions of pions (or kaons) encode more in¬ 
formation on the nature of the emitting sources in such experiments. And so, the g-Bose 
gas model was further developed: the intercepts of n-th order correlators of g-bosons and 
the n-particle correlation intercepts within the g,p-Bose gas model have been obtained, the 
result useful for quantum optics, too. Here we present the combined analysis of two- and 
three-pion correlation intercepts for the g-Bose gas model and its g,p-extension, and con¬ 
front with empirical data (from CERN SPS and STAR/RHIC) on pion correlations. Similar 
to explicit dependence of A*-^! on mean momenta of particles (pions, kaons) found earlier, 
here we explore the peculiar behavior, versus mean momentum, of the 3-particle correlation 
intercept The whole approach implies complete chaoticity of sources, unlike other 

joint descriptions of two- and three-pion correlations using two phenomenological parameters 
(e.g., core-halo fraction plus partial coherence of sources). 

Key words: q- and g,p-deformed oscillators; ideal gas of g,p-bosons; n-particle correlations; 
intercepts of two and three-pion correlators 

2000 Mathematics Subject Classification: 81R50; 81V99; 82B99 


1 Introduction 

If, instead of treating particles as point-like structure-less objects, one attempts to take into 
account either nonzero proper volume or composite nature of particles, then it is natural to 
modify or deform m the standard commutation relations. For these and many other reasons, 
so-called g-deformed oscillators play important role in modern physics, and various quantum 
or g-deformed algebras show their efficiency in diverse problems of quantum physics, see e.g. 
lasnaEKTHHnniiinKiiKis]. In quantum optics, g-deformed oscillators and g-bosons enable 
more adequate modeling of the essentially nonlinear phenomena [6]. It is worth to mention the 
usage of both the quantum counterpart Uq{su{n)) of the Lie algebras of flavor groups SU{n), 
and the algebras of g-deformed oscillators, in the context of phenomenology of hadron properties 

[71 El El [ini mils]. 

As it was demonstrated recently, the approach first proposed in nani] based on some set of g- 
deformed oscillators along with the related model of ideal gas of g-bosons is quite successful m 
if one attempts to effectively describe the observed, in experiments on relativistic heavy-ion 
collisions, non-Bose type properties of the intercept (“strength”) A*-^) = C^'^\p,p) — 1 of two- 
particle correlation function C^‘^\pi,p 2 ) of the pions emitted and registered in such experiments. 
Note that some other aspects related to this approach were developed in [Mill?]. 
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Possible reasons for the intercept to attain (not the expected Bose value = 1, but) 
the values lesser than 1 and thus the reasons to use such g-deformed structures as g-oscillators 
and the related model of ideal gas of q-bosons for an effective description, include: 

(a) finite proper volume of particles [I]; 

(b) substructure of particles [Il[2]; 

(c) memory effects; 

(d) effects from long-lived resonances (e.g., mimicked in the core-halo picture); 

(e) possible existence of non-chaotic (partially coherent) components of emitting sources; 

(f) non-Gaussian (effects of the) sources; 

(g) particle-particle, or particle-medium interactions (making pion gas non-ideal); 

(h) fireball is a short-lived, highly non-equilibrium and complicated system. 

Glearly, items in this list may be interrelated, say, (a)-(b); (b)-(c); (e)-(f)-(h). 

Three-particle correlation functions C^^\pi,p 2 ,P 3 ) of identical pions (or kaons) are as well 
important, as those carry additional information [18L119) on the space-time geometry and dy¬ 
namics of the emitting sources; for the analysis of data, certain combination ngis] of two- and 
three-pion correlation functions is usually exploited in which the effects of long-lived resonances 
cancel out. 

Further extension of main points of the approach based on g-Bose gas model has been done 
in [2D]: (i) the intercepts of re-particle correlation functions have been obtained within g-Bose 
gas model in its two - Arik-Coon (AG) and Biedenharn-Macfarlane (BM) - main versions; (ii) 
closed expressions for the intercepts of re-particle correlation functions have been derived using 
two-parameter {q,p-) generalization of the deformed Bose gas model. The reason to employ the 
q,p-deformed Bose gas model is two-fold: first, the general formulae contain the AC and BM 
versions as particular cases; second, the q,p-Bose gas model provides a tools to take into account, 
in a unified way, any two independent reasons (to use g-deformation) from the above list. 

Remark that the results in [20] are of general value: they can be utilized on an equal footing 
both in the domain of quantum optics if re-particle distributions and correlations are important, 
and in the analysis of multi-boson (-pion or -kaon) correlations in heavy ion collisions. 

Our goal is to give, within the g-Bose gas model and its two-parameter extended g,p-Bose 
gas model, a unified analysis of two- and three-particle correlation functions intercepts using 
explicit formulas for C^'^\p,p), C^^\p,p,p) |20| and a special combination r®(p,p,p) [T8l [T9] 
that involves both and Also, we pay some attention to a comparison of analytical 

results with the existing data on pion correlations from CERN SPS or STAR/RHIC experiments. 

We emphasize a nontrivial shape of dependence on the mean momenta of pions (or kaons), 
not only for C^‘^\p,p) found earlier but also for C^^\p,p,p) and r^^Hp,p,p) studied here: the 
dependence turns out to be peculiar for both low and large mean momenta. The large momentum 
asymptotics is very special as it is determined by the deformation parameters q,p only. 

The whole our treatment assumes complete ehaoticity of sources, in contrast to other ap¬ 
proaches |21[ [22] [23] (2^ to simultaneous description of two- and three-pion correlations in terms 
of two phenomenological parameters where, in the core-halo picture, one of the parameters 
reflects partial non-chaoticity or coherence and the other means a measure of core fraction. 

2 g-oscillators and qr,p-oscillators 

First, let us recall the well-known q-deformed oscillators of the Arik-Coon (AC) type [25 ] [26 ] (27] . 

- q^'^ajO-i = ^ij, [ai, dj] = [aj, o]] = 0, (1) 
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[A/ijCij] — 6ijCij, [A/ijdj] — 6ijCij, — 0, 


viewed as a set of independent modes. Here and below, — 1 < g < 1. Basis state vectors 
|ni,..., rij,...) are constructed from vacuum state |0,0,...) as usual, and the operators a| act 
with matrix elements , nj -|- 1,... |a|| ..., rij,...) = where the “basic numbers” 

[rj = (1 — (?”)/(! — q) are used. The g-bracket [HJ for an operator A means formal series. As 
the (^-parameter q 1, the [rJ resp. [AJ goes back to r resp. A. The operators a|, Oj are 
mutual conjugates if —1 < <? < 1. Note that the equality a|ai = A/i holds only at g = 1, while 
for q 1 the a|aj depends on the number operator Afi nonlinearly: 

a\ai=[Mi\. ( 2 ) 


The system of the two-parameter extended or q,p-deformed oscillators is defined as [28] 


AiA] - q^^^A]Ai = 6ijp 


m 


(9P) 


AiA] - p^*^ a]A i = 5ijq 


N. 


(9P) 


(3) 


along with the relations [N^'^p\A] = —A, = Ab For the ( 7 ,p-deformed oscillators. 


AtA = - p^)/{q - p). 


(4) 


At p = 1 the AC-type g-bosons are recovered. 

On the other hand, putting p = q~^ in (|3|) yields the other important for our treatment case, 
the q-deformed oscillators of Biedenharn-Macfarlane (BM) type [291 [30] with the main relation 

kb]-q^^^b]k = 6ijq-^^. (5) 

The (g-)deformed Fock space is constructed likewise, but now, instead of basic numbers, we use 
the other g-bracket and “g-numbers” (compare this with the brackets used in ([2]) and (|1])): 

blbi=[Ni]g, [r], = (g” - g-'')/(g - g-^). (6) 

The equality = Ni holds only if g = 1. For consistency of conjugation we put 


g = exp(i6*), 0 < 0 < vr. 


(7) 


3 g-deformed and g,p-deformed momentum distributions 

Dynamical multi-particle (multi-pion, -kaon, -photon, ...) system will be viewed as an ideal gas 
of g- or g,p-bosons whose statistical properties are described by evaluating the thermal averages 

(^) = ’ H = Y^ujiNi, uji = + (8) 

where summation runs over different modes, (5 = l/T, and the Boltzmann constant is set 
k = 1. In the Hamiltonian in (|8]), A/i denotes the number operator of the respective version: the 
AC-type, BM-type, or g,p-type. The 3-momenta of particles are assumed to be discrete-valued. 

The g-distribution for AC-type g-bosons (—1 < g < 1) is {a\a,j) = 6ij{a\ai) = — g), 

reducing to the usual Bose-Einstein distribution if g —> 1. From now on, all the formulas will 
correspond to the mono-mode case (coinciding modes), and we shall omit the indices. 

At g = 0 or g = —1, the distribution function (a^^a) = (e^^' — g)~^ yields the familiar classical 
Boltzmann or the Fermi-Dirac cases (the latter only formally: differing modes of g-bosons at 
g = — 1 are commuting, unlike genuine fermions whose non-coinciding modes anticommute). 
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Table 1. One-particle and two-particle distributions of the {q- or qp-) deformed bosons. 


Case 

1-particle distribution 

2-particle distribution 

AC-case 

- T^q 

(i-i-g) 

BM-case 

lhiu\ e^"-l 

ihf‘^}fi\ (g-i-g“L 


\ / ^g/yaj_g,2)(g/yoj_g —2) 

g,p-bosons 

/ 41 4\ — 

/ 4t2 42\ _ (p-Hg)(e/ 5 “-l) 


' ^ _q2'^^^l3uj _pq^^^l3uj _p2'^ 


The one-particle momentum distribution function for the AC-type g-bosons, along with one- 
particle distributions for the BM-type g-bosons and for the general q,p-Bose gas case, are placed 
in the following Table [T] (first column). The second column of this same Table contains the two- 
particle mono-mode momentum distributions, correspondingly, for the three mentioned cases 
of deformed Bose gas. The results concerning one-particle distributions are known from the 
papers [Ml [321133] whereas those on two-particle distributions from [laiiaiM]. 

Few remarks are in order, (i) The g-distribution functions for the AC case (first row) are 
real for real deformation parameter q. The ^-distribution functions for the BM case (second 
row) are real not only with real deformation parameter, but also for q = exp{i6), in which case 
we have: q + q~^ = [2]g = 2cos0, and -|- q~‘^ = [2)^2 = 2cos(20). The q,p-distributions, see 
third row, are real if both q and p are real, or |g| = 1 and p = q~^, oi p = q. (ii) Each of 
the two one-particle q'-deformed distributions (AC-type or BM-type fq{k) = {b^b){k)) is such 
that at g 7 ^ 1 the corresponding curve is intermediate between the familiar Bose-Einstein and 
Boltzmann curves, (iii) Generalized g,p-deformed one- and two-particle distribution functions 
given in third row, reduce to the corresponding distributions of the g-bosons of AC-type in 
the first row if p = 1 (BM type in the second row if p = q~^). (iv) Here and below, all the 
two-parameter ( 7 ,p-expressions possess the interchange symmetry under q ^ p. 


4 n-particle distributions and correlations of deformed bosons 


The most general result, derived in [20] and based on the g,p-oscillators, for the n-particle 
distribution functions of the gas of (;,p-bosons 


(At”A”) = 


Mgp! (e^"" - 1) 

n '■ 

n - q^p^-^) 


[^Igp! — IllgpPlqp ■ ■ ■ 1^^ llgp[™lgp) 


(9) 


involves the g,p-bracket defined in Q. Let us remark that this general formula for the n-th 
order, or n-particle, mono-mode momentum distribution functions for the ideal gas of (;,p-bosons 
follows from combining the following two relations 




1^1 


qp- 




{?' 


nN\ 


and 



e/3^ - 1 
^l3uj _ 


( 10 ) 


Below, we are interested in the g,p-deformed intercept X^cpp = — 1 -|- of n-particle corre¬ 

lation function. The corresponding formula constitutes main result in [2^ and reads: 




(e/3^ _p)«(e/3‘^ - q)^ 


(g/3i^ _ _ qn-kpk^ 

/c=0 


-1. 


( 11 ) 
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Table 2. Intercept of two-particle correlations of deformed bosons and its asymptotics. 


Case 

Intercept A*^^) = — 1 

Asymptotics of A^^^ at fiu —> 00 

AC 

^(2) _ (l-H9)(e^“-g) ^ 

^AC ~ ~ 

. (2), asym. _ 

BM 

\(2) _ 2cos6»(e2/3“-2cos6» , 

~ (e/3“-l)2(e2/3‘^-2cos(26»)e/3“+l) ^ 

AgWm. ^2cos0-l 

q,p 

^(2)_ {p+q){eP‘^-pf(eP‘--qf 

q ,p (g/iu _q' 2 ) (gPoj _p '2 'j 

>»“'”■ = {p + «)-i 


Consider the asymptotics f3u) —> oo (for large momenta or, with fixed momentum, for low 
temperature) of the intercepts X^q),: 


\{n), asym. _ i 




n—1 y k \ 

-‘+n(E«T'T ('2) 

k=l '^r=0 ^ 

It is worth noting that for each case: the g-bosons of AC-type, of BM-type, and the cp-bosons, 
the asymptotics of n-th order intercept is given by the corresponding deformed extension of 
n-factorial (the intercept of pure Bose-Einstein n-particle correlator is given by the usual n\). 
To specialize these results for particular case of AC-type g-bosons we set p = 1. The n-particle 


distribution function and the n-th order intercept — 1 take the form 


(at"a^) = 


[nj! 


n (e/^^ - 

r=l 


A”<l = -i+ 


(ofay 
[nJ! (e^^ — q)^~^ 

n ' 

n - <?") 

r=2 


(13) 


1 O 

where [mj = j~_g = l + Q' + Q' H- q 


,m— 1 


At f5uj —oo the result involves only ( 7 -parameter: 


n—1 


Ajg-''“=-i+Ni=-i+n 

fc=l '^r=0 

= {l + q){l+q + q^)---{l+q + ---+ q^-^) - 1 . 


This constitutes a principal consequence of the approach. It would be very nice to verify this, 
using the data for pions and kaons drawn from the experiments on relativistic nuclear collisions. 

The expressions for the BM case that are parallel to (1131) follow from the general formulas ([9]) , 
(HU), dn]) if we put p = q~^. 

Intercepts of two- and three-particle correlation functions, their asymptotics. Let 

us consider the 2nd and 3rd order correlation intercepts. In Table 2 we present the intercepts 
of two-particle correlations for the ( 7 -bosons of AC-type and BM-type, as well as for the general 
case of g,p-bosons. Recall that at p = q~^, [2]qp ^ P + q reduces to [2]^ = q-\- q~^ = 2 cos 9. 

In the non-deformed limit g —(■ 1 (or 0^0) the value Abe = 1 known for Bose-Einstein 
statistics is correctly reproduced from the formulas in the first two rows of Table [2j This 
obviously corresponds to the Bose-Einstein distribution recovered from the ( 7 -Bose one at q —> 1. 
Now consider three-particle correlations. The intercepts for all the three versions of deformed 
Bose gas along with their asymptotics are presented in Table [3] as three rows correspondingly. 
We end with two remarks valid for both the Table [2] and Table [3l First, the formulas for AC- 
or BM-type follow from those of the g,p-Bose gas (given in the third row) if we set p = 1 or 
p = q~^. Second, as demonstrated by the last column, the large l3oj asymptotics of each of the 
three versions of A^^^ is given by a very simple dependence on the deformation parameter(s) 
only. 
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Table 3. Intercepts of three-particle correlations of deformed bosons and their asymptotics. 


Case 

Intercept A*^^) = — I 

Asymptotics of A*.^^ at /3a; —> oo 

AC 

^(3) _ (l+g)(l+g+g±(e/3“-g)2 , 

^AC “ ^ 

= ( 1 +,)(!+, +9 ^)-1 

BM 

\(3) _ 2cos0(4cos2 6»-l)(e2/3“-2cos0 

~ -1)2(e2/3a;_2 008(30)6/3“-1-1) 

Ag;^'^®^™' = 2 cos 0(4cos^ 0 — I) — I 

q,p 

^(3)_ (p+Q)(p2+p5+g2)(e/3“-p)3(e/5--g)3 

^iP _^y2 _p2q'j^Qfiuj _pq2'j^g^fSuj_q3'j 

AS’“>'"=(p + 9){p^+P9 + 9b-l 


5 Comparison with data on two- and three-pion correlations 

The explicit dependence, via /3a; = y \Jw? -|- K‘1 , of the intercept on transverse mean 
momentum is shown in Fig. [T] where the empirical values on negative pions [35t [36], for three 
momentum bins (horizontal bars), are shown as the crossed. At T = 180 MeV, these three 
values agree perfectly with the curve E for which q = exp(i0), 9 = 28.5°. Slightly higher 
temperature T = 205 MeV gives nice agreement of empirical values with the curve oi 9 = 
Y ~ 25.7°, twice the Cabibbo angl^. We may conjecture that, this way, the hot pions in their 
correlations show some “memory” of their origin as quark-antiquark bound states, see the items 
(b)-(c) in Introduction. Possible relation of the Cabibbo (quark mixing) angle to the value q of 
deformation which measures deviation of the g-Bose gas picture from pure Bose one, looks quite 
promising. However, more empirical data for two-pion (-kaon) correlations with more bins for 
diverse momenta in experiments on relativistic nuclear collisions are needed in order to confirm 
within this model the general trend and the key feature that for /3a; —> oo (large momenta, or 
low temperatures) the intercept does saturate with a value given by deformation parameter(s) 
only. 

Equally good comparison of the data for two-particle correlations of positive pions [35l [36| 
with the AC-type of g-Bose gas model at the optimal q = 0.63 was achieved m, and general 
observation was made that the AC-type g-Bose gas model with real q is well suited for treating 
7 r“*' 7 r'*' correlations, while the BM version with g = e*® serves better for 7 r“ 7 r“ correlations. 

In Eig. [2|we plot the dependence on particles’ mean momentum for the 3rd order correlation 
(3) 

intercept of the BM version of g-Bose gas. Observe the asymptotic saturation with constant 
values fixed by g (or 9), as Table [3| prescribes. Also, a peculiar behavior of the intercept Agj(j is 
evident: at low momenta it acquires zero or even negative values for some curves, see “E”, “F”. 
However, these two curves imply large angles 9 [large deviations from pure Bose value 9 = 0), 
the cases hardly realizable in view of the items (a)-(h) of Introduction. Curves similar to those 
in Fig. [2] can be presented for the 3rd order intercept A^q of the AC-type of g-Bose gas model. 

Now compare the explicit form of the intercepts Xp^q and Xp^q of two- and three-particle 
correlations of p,g-bosons from Tables E] El with the available data on the 2 nd and 3rd order 
correlations of pions [3511361 (371138] from the experiments on relativistic nuclear collisions, namely 

[371138] 

A^")’""P-|neg.pions = 0.57 ±0.04, 

A(^)’“P'|neg.pions = 1.92 ±0.49. 

^Vertical bars characterize the experimental uncertainty. See more detailed comments in mi US]. 

^In |111 112| . detailed arguments can be found on the possible link of the q-deformation parameter with the 
Cabibbo angle, in case of the quantum algebra suq[3) applied to static properties of the octet hadrons. Re¬ 
mark also that the gauge interaction eigenstates of quarks are the Cabibbo-mixed superpositions of their mass 
eigenstates [39]. 


(14) 

(15) 
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Figure 1. Intercept versus pions’ transverse momentum at T = 180 MeV and q = exp(i0): 
A) 6» = 6°; B) 61 = 10°; C) 0 = 22°; D) 6» = 25.7°, i.e. 20^; E) 0 = 28.5°. The tt-tt- data are taken 
from [551 [5S] . 


Equating the expression for say \p^q{w) from Table [2] (with w = (iuj) to some fixed value, in 
particular those in (IT^ . (fTSl) . leads to an implicit function w = w{q,p) whose image is 2-surface. 
Fig. [3] (left) shows the two surfaces obtained from equating Ap,g resp. Ap,q to the central values 
of the data resp. in (1141) . (jlSp . As seen, these “central” surfaces are very close to 

each other, for both low and large values of w (recall, w = (5uj = + K"^)] only in their 

lower right corner the surfaces are seen as disjoint. For comparison, in Fig. [3] (right) we show 
the result of equating resp. \^p}q{w) to the upper value = 0.57 -|- 0.04 resp. lower 

value = 1.92 — 0.49 in (dH), (fTSl) . Here the resulting two surfaces are clearly distant. 

Likewise, using the values = 0.57—0.04, = 1.92 -|- 0.49 in (ITU) . (fTSl) . we get yet 

another two surfaces which we do not exhibit. In total, due to (I14p . (I15p we have six surfaces: 
the three (named -triple”) obtained by equating Ap^q(tc) to each of the 3 values 
in (dH), and the other three (named “A^^^-triple”) got by equating to each value in (fT5]) . 

Cutting the both triples of surfaces by a horizontal plane w = wq with some fixed wq yields, 
in this plane, six curves given as six implicit functions q = q{p). In Fig. (H we exhibit the result 
of slicing these two triples hy w = 0.78 (left panel), and hy w = 2.9 (right paneljl. In each 
panel we observe that (the strip formed by) A -triple of curves fully covers (the strip of) 
triple. Such full covering differs from the situation in [2I1122112311241 where only the imaging of 
data with 2a (or 3a) uncertainty gave some overlapping. Also unlike [2111221 (231124j . we present 
explicit momentum dependenee for A^^\ A^^^. Besides, our approach assumes complete chaoticity 
of particle sources. 

Let us make few remarks concerning Figs. [3] and [H 

1) The two very near “central” surfaces of Fig. [3|(left) reflect themselves in Fig. [I] as follows: 
the result of their slicing hy w = 0.78 is seen in the left panel as the two very close lines, one 
solid and one dashed, which connect the points given roughly as (1.05, 0) and (0, 1.05), while 
the result of their slicing by re = 2.9 is seen in the right panel as the two almost straight, almost 
coinciding solid and dashed lines given roughly by the equation q = 0.9 — p. On the other 
hand, the two distant surfaces of Fig. [3] (right) yield after their slicing the lowest dashed and 
the uppermost solid lines in each panel of Fig. 01 

®For the gas of pions whose mass m,^ — 139.57 MeV, setting the temperature and the momentum as T = 180 
MeV and Kt = 10 MeV yields w « 0.78, while T — 180 MeV and Kt = 500 MeV yields w « 2.9. 
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/qX 

Figure 2. Intercept versus pions’ mean momentum |K|, GeV/c. The temperature is 120 MeV 

(180 MeV) for solid (dashed) curves. In each pair the two curves have common asymptotics given, see 
Table 3, by the value of d, from the top down: ^ (A); ^ (B); 5 (C); (D); (E); | (F). 


2) In both left and right panels of Fig. 01 the entire strip formed by the three solid (i.e., 
curves, lies completely within the strip formed by the three dashed A^^^-curves. The larger width 
of the latter strip is due to better accuracy of data in (fTlll as compared with that in (fT5]l . 

3) Limiting ourselves to one-parameter cases, from Figs.EHHwe deduce: beside the AC-type 
{p = 1) and BM-type {p = q~^) g-oscillators defined in ([T|) and (l5|) and their versions of g-Bose 
gas, there is yet another distinguished case of ^-oscillator and so yet another version of g-Bose 
gas model equally well suited for explaining the experimental data: this is the g-oscillatoi 0 which 
is contained in the relations ([3|), (jH) at p = g and which also leads, by applying p = q, to the 
corresponding formulas for distributions, intercepts etc. for this version of q-Jiose gas. 

4) It is easily seen from Fig. [4] that the TD-type of g'-Bose gas model constructed on the base 
of the TD-type g-oscillator (see footnote 4) is more preferable than the AC version for description 
of the data like (jI4p and ()15[) : first, it needs narrower range of values of the g-parameter in order 
to cover the data (fTTl) . (fT^ including the uncertainties; second, with just these data the use 
of AC version is problematic for the large momenta region because ot p = 1 , see right panel of 
Fig. m while on the contrary the TD version corresponding to p = q serves equally well for both 
small {w = 0.78) and large {w = 2.9) values of momenta. 

Unified analysis of A*^^^ and A(3) 

versus empirical data using special combination. 

For a unified analysis of data on the two- and three-particle correlations, there exists [mEH] 
a very convenient special combination designed in terms of correlators, namely 

(3)^ ^ 1 C'^^Hpi,P2,7'3) - C'( 2 )(pi,P 2 ) - C'(2)(p 2,P3) - C'(2)(p3,pi )2 

’{P1,P2,P3) = X- 1 -: 

^ (C'(2)(pi,P2) - 1) (C'(2)(p2,P3) - 1) (C'(2)(p3,Pi) - l) 


which with the restriction pi = P 2 = P 3 = K turns into the simple expression 


rf\K) = rf\K,K,K) 


1 xfiK) - 3Xf\K) 

2 (Af(A))^/" 


(16) 


composed of just the intercepts. Here X^'^\K) = C^‘^\K,K) — 1, A® (AT) = C^^\K,K,K) — 1, 
and the subscript j denotes the particular type (AC, BM, TD, or q,p-) of the deformed Bose 


'^Following |40l I41| we call it the Tamm-Dancoff (or TD) deformed oscillator. 
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Figure 3. Left: The two “central” surfaces as implicit functions w = w{q,p): one stems from equating 
Ap^q(rc) from Table [2] to the central value = 0.57 in d, the other stems from equating 

from Table [3] to the central value = 1.92 in d. Notice mutual closeness of these “central” 

surfaces. Right: similar to the left panel, but now X^]j{w) is equated to = 0.57 -|- 0.04 in (fT31l 

and X^Jj^w) to ^^1 ’®’'p- = 1,92 — 0.49 in (flSl) . 


gas. The relevant formulas for the intercepts involved are to be taken from Tables [21 [3l The 
convenience of (|16p from the viewpoint of comparison with data is two-fold: first, the design 
of is such that the contribution to it from long-lived resonances cancels out MM: second, 
the carries an additional meaning being a (cosine of) special phase |42j . 

In Fig. O taking as example the one-parameter BM version of ( 7 -Bose gas model, we show 

/oA 

main features of the momentum dependence of rgj(j(K). Again the behavior is rather peculiar 
as it shows nontrivial shape in the small |K| region, asymptotic saturation with a constant 
determined by q (or 6) at large |K|, and the property that the value of temperature T is 
very important. Of course, it will be very interesting to check the validity of such a behavior 
by confronting with relevant empirical data. We only note that the presently available data 
on the values [351136j are controversial (the set of values ranges from zero to unity) and 
insufficient, usually not indicating to which momenta bins they correspond. 


6 Conclusions and outlook 

We have demonstrated the efficiency of the generalized ( 7 ,p-deformed Bose gas model in combined 
description of the intercepts of two- and three-particle correlations, especially in view of the non- 
Bose type properties of the 2nd and 3rd order correlations of pions (and kaons) observed in the 
experiments on relativistic collisions of heavy nuclei. The key advantages of the model are: (i) it 
provides the explicit dependence on particle’s mean momentum of the intercepts A^^^ A^^^ as well 
as of their combination given in (16); (ii) it possesses the asymptotical property that at f3oj —> 
00 each of these quantities becomes independent of particles’ mass, momentum and temperature 
and takes a very simple form determined by the deformation parameters q,p only. The property 
(ii) is important as it enables, using the empirical data on A^^^ and A^^^ for sufEciently large 
transverse momenta, to determine with high accuracy the values of the deformation parameters 
q,p which, in accord with our paradigm, should characterize the nontrivial and special system 
under study, see the items (a)~(h) of Introduction. With so fixed deformation parameters and 
due to (i), one should use the low transverse momentum data for A^^^ and A^^^ in order to firmly 
fix the value of temperature. 
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Figure 4. Left: Slice of all the six surfaces (two pairs in Fig. [3] and the remaining 2 surfaces, see main 
text) by putting w = 0.78. Solid (dashed) lines stem from cutting the A^^^-triple (the A^^^-triple) of 
surfaces. Right: same as left panel, but now w = 2.9 is put. Notice full overlapping of A*^^^-strip and 
A^^^-strip. 


A remark on the one-parameter limiting cases of the g,p-Bose gas model. From the Figs. [U 0] 
we have deduced that, beside the most popular BM- and AC-cases of g-Bose gas model, yet 
another distinguished one-parameter case is of interest: this is the Tamm-Dancoff (TD) version 
of g-deformed oscillators and q-Bose gas model, got from the general two-parameter g,p-formulas 
by putting p = q. The TD case provides as well an appropriate basis for the analysis of data on 
two-, three- and possibly multi-particle momentum correlators (first of all, correlation intercepts) 
of pions and kaons from the experiments like those reported in [35l [36l 1371 [38] . 

We have seen from the Figs. U [3l (H that the q,p-Bose gas model, which is an extension of 
the g-Bose gas model, is in agreement with presently available experimental data. Concerning 
the data from experiments [35] (36] especially those on the intercept of 3-pion correlations and 
the quantity it is highly desirable to obtain not only the values averaged over large range 
of transverse mean momenta or transverse mass of identical particles, but also a more detailed 
data with numerous momentum bins, for both small and large transverse momenta. A rich 
enough set of momentum-attributed values of A^^^ and will allow to draw more certain 
conclusions about the viability of the considered model. With detailed experimental data, 
further judgements will be possible about actual physical meaning (recall the items (a)-(h) in 
the Introduction) and adequate values of the deformation parameter(s) q or q,p. This includes 
the special one-parameter case of the BM-type g-Bose gas model with its possible link mm 
of the g-parameter q = exp(i0) to the Cabibbo (quark mixing) angle. 

Of course, more work is needed to further develop the approach based on the concept of 
q,p-Bose gas. Note that in our study of the implications of the q,p-Bose gas model and sub¬ 
sequent analysis of relevant data, we dealt only with the intercept (i.e. the strength) of the 
two-pion as well as three- and multi-pion correlation functions. Put in another words, we 
treated only the mono-mode (single-mode) case which means coinciding momenta of the corre¬ 
lated particles. Since within general q',p-deformation of Bose gas model it is desirable to have 
a complete correlation functions with full momentum dependence including nonzero relative 
momenta of particles, clearly the multi-mode case should be elaborated. Although the mod¬ 
eling of complete correlation functions is highly non-unique (see e.g. m) and not too trivial, 
as a first step one may proceed in analogy to the one parameter q-Bose gas model (e.g. like 
in [16]). 
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Figure 5. Plot of rg]^(K) from (16) with the intercepts versus pions’ mean momentum |K|, 

GeV/c. For solid (dashed) lines T = 120 MeV (T = 180 MeV). In each pair, the two curves have common 
asymptotics determined by its 9 value: ^ (A), ^ (B), y (C), (D), (E), f (F). 
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